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Next generation surveys will be capable of determining cosmological parameters beyond percent
level. To match this precision, theoretical descriptions should look beyond the linear perturbations
to approximate the observables in large scale structure. A quantity of interest is the Number
density of galaxies detected by our instruments. This has been focus of interest recently, and several
efforts have been made to explain relativistic effects theoretically, thereby testing the full theory.
However, the results at nonlinear level from previous works are in disagreement. We present a
new and independent approach to computing the relativistic galaxy number counts to second order
in cosmological perturbation theory. We derive analytical expressions for the full second order
relativistic observed redshift, for the angular diameter distance and for the volume spanned by a
survey. Finally, we compare our results with previous works which compute the general distance-
redshift relation, finding that our result is in agreement at linear order.
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I. INTRODUCTION
Recent years have witnessed the beginning of the era of precision cosmology with future surveys such as BOSS [1],
eBOSS [2], Euclid [3], MeerKAT, SKA, LSST [4–6],and WFIRST [7] improving and tightening constraints on ob-
servable cosmological parameters. Additionally, great theoretical advancements have been made in tackling nonlinear
regimes to test cosmological models and general relativity.
For theoretical cosmological models, probing the relation between redshift and angular diameter or luminosity
distance of a source is of significant value. This relation determines the parameters of the cosmological model, but
when perturbations due to structure are included, new effects are revealed. One of these effects is lensing, which is
observed along the line of sight. Another effect is the distortion in redshift space due to velocities and motion of the
sources, giving rise to ‘Doppler lensing’. The integrated Sachs-Wolfe (ISW) effect which arises from integrating along
the full line of sight between the source and the observer.
Most of the known effects on the distance-redshift relation are calculated at linear order in cosmological perturbation
theory in Refs. [8–12]. However, at second order other general relativistic effects must be considered. When structure
is evolving, nonlinear modes come into play, and many of these go beyond Newtonian theory.
One of the main observables directly affected by the angular and luminosity distance estimation is the galaxy number
density (dubbed often as number counts). Important examples of these effects have been calculated in Refs. [9, 13–
21]. The dominating terms of the full second order calculations have been reviewed in Ref. [22]. More recently in
Ref. [23] the authors present second order relativistic corrections to the observable redshift. And even a “pedagogical”
approach to the lengthy calculations is provided in Ref. [24] to try to ease the tension between the different groups.
In this work, we present a new path to compute the second-order galaxy number in a Friedmann-Lemâıtre-
Robertson-Walker (FLRW) universe. This follows the volume determination as defined in Ref. [25] instead of com-
puting the luminosity distance as in Ref. [17]. We identify key effects, some of which will be observable with the next
generation of cosmological surveys. To check the robustness of our results we confirm the consistency for the first
order expressions with previous works.
This paper is organised as follows: In section II we provide all the definitions needed for the linear and nonlinear
calculations in the context of cosmological perturbation theory (CPT). In section III we compute the linear and
nonlinear parts of the null geodesic equation, the observed redshift, and show the geometrical effects present at this
level. In section IV we compute the angular diameter distance and the physical volume that the galaxy survey spans,






























to a perturbed Minkowski spacetime ĝµν → gµν , how quantities transform under this map is discussed in further
detail within this section. In section V we compute our main result, the galaxy number overdensity. In section VI we
make a check for the calculation performed in this paper with other results in the literature at linear order and find
an exact agreement with all of them pertaining the right interpretation of variables. Finally, in section VII we give a
discussion of our result, some conclusions and future work.
Notation. We use indices µ, ν, · · · = 0, 1, 2, 3 in a general spacetime. In perturbed FLRW, the indices i, j, · · · = 1, 2, 3
denote spatial components. The derivative with respect to the conformal time is given by a dash
∂X
∂η
= X ′. (1.1)






= Xs −Xo = X(λs)−X(λo). (1.2)
The derivative with respect to the affine parameter is
dX
dλ
= X ′ + niX,i, (1.3)









where ∇iX = ∂iX = X,i is the spatial part of the covariant derivative.
II. BASIS FOR THE DEFINITION OF THE GALAXY NUMBER DENSITY
A. Metric perturbations
The perturbed FLRW spacetime is described in the longitudinal gauge by [26]
ds2 = a2
[
− (1 + 2Φ1 + Φ2) dη2 + (1− 2Ψ1 −Ψ2) δijdxidxj
]
, (2.1)
where η is the conformal time, a = a(η) is the scale factor and δij is the flat spatial metric, and we have neglected
the vector and tensor modes, we also allow for first and second order anisotropic stresses. From now on we consider
perturbations around a FLRW metric up to second-order.
B. Matter velocity field and peculiar velocities






























































FIG. 1: Affine parameter convention of a light ray in a radio observation. S denotes the source, O is the observer and λ is the
affine parameter.
C. Photon wavevector
In a redshift survey galaxy positions are identified by measuring photons produced at the source, denoted by s, and
detected by an observer labelled o. In a general spacetime, we consider a lightray with tangent vector kµ and affine
parameter λ, that parametrises the curve the lightray follows. The source, λs, and the observer, λo, are represented










where the overbar denotes background quantities, ni is the direction of observation∗ pointing from the observer to
the source, and following the normalisation condition: nini = 1.
The tangent vector is null
kµk
µ = 0, (2.7)
and geodesic
kν∇νkµ = 0. (2.8)
where ∇ν is the covariant derivative defined by the metric given in Eq. (2.1). In general, the perturbed wavevector






where δ(n) gives the n-th order perturbation, and we are following the usual notation for the temporal component,
that is k0 ≡ ν [24].
The affine parameter of the geodesic equation is also related to the comoving distance (χ) by
χ = λo − λs, (2.10)







∗Some authors define ni with the opposite sign. See, for example, Refs. [9, 13, 14].
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D. Observed redshift
The photon energy measured by an observer with 4-velocity uµ is
E = −gµνuµkν . (2.12)
From Eq. (2.12) the observed redshift of a source (e.g. a galaxy) can be defined as




From this definition there will be a Doppler effect on the redshift due to the velocities uµ and the observed redshift
is in fact a function of the velocity and the wavevector, i.e. z = z(kµ, uµ).
E. Angular diameter distance
For a given bundle of lightrays leaving a source, the bundle will invariantly expand and create an area in between
the lightrays that conform it, this area can be projected to a screen space, perpendicular to the trajectories of the
photons and the 4-velocity of the observer, as illustrated in Figs. 2 and 3.
The area of a bundle in screen space, A, defines the angular diameter distance dA, and is directly related to the














where λ is the affine parameter defined in Eq. (2.6). Using Eq. (2.14) we can compute how the area of the bundle
changes along the geodesic trajectory that the photons are following from the source towards the observer.
F. Physical Volume
Number counts relate to the number of sources detected in a bundle of rays, for a small affine parameter displacement
λ to λ+ dλ at an event P . This corresponds to a physical distance
d` = (kµuµ)dλ, (2.15)
in the rest frame of a comoving galaxy at said point in space P , if kµ is a tangent vector to the past directed null
geodesics (so that kµuµ > 0).
The cross-sectional area of the bundle is
dA = d2A(λ)dΩ, (2.16)
if the geodesics subtend a solid angle dΩ at the observer, this is shown in Fig. 4.
From Eqs. (2.15) and (2.16) the corresponding volume element at a point P in space is (see e.g. [25])
dV = d`dA = (kµuµ)d2A(λ)dλdΩ = −Ed2A(λ)dλdΩ. (2.17)
These covariant definitions lead to the expressions we compute in the following sections at first and second order
in cosmological perturbation theory.
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S
FIG. 2: The lightray bundle going from the source, S, to the observer, O, the cross sectional area created by the infinitesimal
separation of the lightrays and the screen space, A, which is orthogonal to the 4-velocity, uµ, and the direction of observation,
nµ, in this figure, for simplicity, it is shown ni pointing from the source to the observer, i.e. as the opposite from the one using
in all our calculations. We present a general 4-vector xν and its projection onto screen space Pµνxν .
θ
FIG. 3: When a light-ray bundle travelling from a source, S, to an observer, O, passes close to matter, the cross section
that the different null geodesics generate, A, gets distorted in different ways, and those are explained by an an expansion θ, a
vorticity ω, and shear Σ, defined in Eqs. (4.3) and (4.4). The circles represent the area of the bundle’s cross section and the










FIG. 4: Volume corresponding to an infinitesimal change in the affine parameter from λ to λ+ dλ.
III. PERTURBED NULL GEODESICS AND REDSHIFT
A. Geodesic equation
Let us now look at solutions to the geodesic equation. First, from Eq. (2.7) and the normalisation of ni we obtain
the null condition of the photon wavevector
0 =2
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− 4 (Φ1 + Ψ1) δ(1)ν − 4Ψ1 (Φ1 + Ψ1)
]
. (3.1)










αkβ = 0, (3.3)
where Γµνσ are the connection coefficients at any given order (n). Their expansion up to second order is provided in























where Eq. (3.4) there is a term related to the Integrated Sachs-Wolfe effect defined below. The expressions for the
solution at second order are given in Appendix C.
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B. Observed redshift
We now expand the photon energy E = −gµνuµkν up to second order,
E = Ē + δ(1)E + 1
2
δ(2)E . (3.6)
Using Eqs. (2.1), Eq. (2.2), (2.3), (3.4), (3.5), (C1) and (C2), we find that Ē = 1, and



























The perturbations to the photon energy given in Eqs. (3.7) and (3.8) are written explicitly in terms of the metric
potentials in Appendix C.Integrating Eqs. (3.4), (3.5), (C1) and (C2), with respect to the affine parameter, λ, from
the observer to the source, we find the perturbed photon vector, δkµ. Note that δkµ|o = 0, what can be seen explicitly




























The observed redshift is given by Eq. (2.13), then up to second order that is







(Ē + δ(1)E + 12δ
(2)E)s
(Ē + δ(1)E + 12δ(2)E)o
. (3.11)
Note that in general, the expansion of the perturbed quotient up to second order is
A+ δ(1)A+ 12δ
(2)A





























Using Eqs. (3.11) and (3.12), and ignoring the background redshift, we obtain















































where the integral runs w.r.t. the affine parameter λ along the line of sight. In Eq. (3.14) we identify the following
elements















b) The Gravitational redshift, which describes the change of energy the photon experiences when it travels from a
region with potential Φ1|s to a region with potential Φ1|o
δ(1)zgrav = Φ1|o − Φ1|s. (3.16)
c) The Integrated Sachs-Wolfe effect (ISW), which describes the change in energy when a photon travels through a
potential well between the source and the observer, this effect is only non-zero when the gravitational potential
evolves during and along the photon’s trajectory, so that the energy gained by going down the gravitational









At second order the redshift (C8) can also be decomposed as above









+ δ(2)zgrav×Doppler + δ
(2)zDoppler×Doppler + δ
(2)zDoppler×ISW.
Here, just as in the linear case, we have





































Here the second order contribution to the effects described above are evident, plus the product of first order
contributions:




(Φ1|s − Φ1|o)2 + 6Φ1|sΦ1|o,
(2) Gravitational redshift × ISW








































































































































































































IV. DISTANCE DETERMINATIONS AND THE OBSERVED VOLUME
A. Angular Diameter Distance
To measure the angular diameter distance (dA) we must define a projector into the screen space perpendicular to
the light ray as shown in Fig. 3. The screen space is orthogonal to the light ray and to the observer 4-velocity. In
fact the tensor
Pµν = gµν + uµuν − nµnν , (4.1)
where gµν is the metric, uµ is the 4-velocity and nµ is the 4-direction of observation
†, projects 4-vectors onto screen
space, as can be seen in Fig. 2. The projector tensor satisfies the relations
Pµµ = 2, PµαPαν = Pµν , Pµνkν = Pµνuν = Pµνnν = 0. (4.2)
The null expansion, θ, and null shear, Σµν , are optical properties given in terms of the tangent vector k
µ by
[26, 27, 29]
θ = Pµν∇µkν , (4.3)




Here θ describes the rate of expansion of the projected area of a bundle of light rays and Σµν describes its rate of
shear illustrated in Fig. 3. Note that the wavevector can be obtained from a scalar potential (S), i.e. kµ = ∇µS, and
thus there is no null vorticity, that is ω ≡ ∇[µkν] = 0 [30].





θ2 − ΣµνΣµν −Rµνkµkν , (4.5)
dΣµν
dλ
= −Σµνθ + Cµρνσkρkσ, (4.6)
where Cµρνσ is the Weyl tensor.
†Note that in the background, nµ = a−1[0, ni].
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Eqs. (4.5) and (4.6) allow us to compute the angular diameter distance as a parametric function depending only on
the affine parameter, λ, in contrast to previous works where the dependency is on the redshift [13–15] or the conformal
time [17]. The advantages of maintaining this dependency are discussed in section VII.








We require appropriate initial conditions to solve (4.7). These can be found from the series expansion of the squared







µkν)o (λo − λs)
2 + · · ·
]
, (4.8)
from where we obtain the boundary conditions at the observer






In this section we will define a conformal metric gµν = a
−2ĝµν , useful to compute the angular diameter distance.
In our notation, a hat (̂ ) denotes quantities on the physical spacetime, while quantities on the conformal spacetime
have no hat. The background of the metric gµν is Minkowski spacetime, which simplifies both the equations and the
calculations. Conformal maps preserve both angles and shapes of infinitesimally small figures, but not their overall size
[32]. The conformal transformation ĝµν → gµν maps the null geodesic equation of the perturbed FLRW metric ĝµν to
a null geodesic on the perturbed Minkowski metric gµν [33] and the angular diameter distance transforms as d̂A = adA.
The affine parameter transforms as dλ̂ = a2dλ, so that the photon ray vector transforms as k̂µ = a−2kµ ⇐⇒ k̂µ = kµ
[34]. For the 4-velocity we have ûµ = auµ. Finally, the energy transforms as Ê = −ûν k̂ν = −a−1uνkν = a−1E . In
Minkowski spacetime we normalise E = 1.
Hereafter, and until the end of this section, we will be working in a perturbed Minkowski spacetime, in order to
finally conformally transform our result back to a FLRW spacetime.




since R̄µν and the shear vanish in the background. The solution is then
d̄A = C1 + λC2. (4.11)
The initial conditions given in Eq. (4.9) yield C1 = 0 and C2 = −1, so that
d̄A(λs) = λo − λs. (4.12)











Here we have used the definition of the scale factor a(ẑ) = 1/(1 + ẑ) and the fact that the comoving distance depends
on the redshift as given in Eq. (2.11).







µδ(1)kν d̄A + δ
(1)Rµν k̄















This relation is only fulfilled in the background. Once perturbations are introduced the relation between the affine
parameter and time becomes non-trivial.



















where we used the background solution for dA (4.12), the first order perturbation of the Ricci tensor δ
(1)Rµν given in
Appendix B, and Eqs. (1.3) and (1.4).
The solution to (4.17) is, upon several integrations by parts,
δ(1)dA(λs)
d̄A(λs)


















dλ (λs − λ) (λo − λ)
[







From Eq. (4.9), in general






In the absence of anisotropic stress, Φ1 = Ψ1 (see, e.g. Ref. [26]), we recover in Eq. (4.18) the fully relativistic
lensing convergence, usually denoted as κ [9, 17, 30, 35], at first order, which includes Sachs-Wolfe (SW), Integrated



















dλ (λs − λ) (λo − λ)
[



























































δij∇2 (Φ1 + Ψ1)− (Φ1 + Ψ1),ij . (4.22)
Without loss of generality, we set the perturbation of the shear at the observer δ(1)Σµν |o = 0, and integrating along















































dλ∇2 (Φ1 + Ψ1)
]2
.
In Eq. (C9) we find the second order part of the angular diameter distance, using the background solution for d̄A,
and the full expression δ(2)Rµν , the second order perturbation of the Ricci tensor given in Appendix B.
Thus, the total area distance as a function of the affine parameter in a perturbed FLRW spacetime is given by












where the solutions for d̄A(λs), δ
(1)dA(λs) and δ
(2)dA(λs) are given in Eqs. (4.12), (4.18) and (C9), respectively. From
here onwards, we abandon the conformal Minkowski spacetime and return to FLRW.
B. Area distance as a function of observed redshift
In order to compare with previous work done in the literature, we can convert the angular diameter distance in
terms of the affine parameter to a function of the observed redshift. To do so, we need to perturbatively invert z(λ)
into λ(z) and substitute this into Eq. (4.25). This means we need dA on surfaces of constant observed redshift z
rather than on surfaces of constant affine parameter λ, which is not observable.
We expand the affine parameter in perturbation theory as




where ς is the affine parameter in redshift space corresponding to the redshift ẑ, as if there were no perturbations [14].





with this relation we can fix δ(1)λ and δ(2)λ, since it should always hold, and if there are any perturbations, they
should cancel since Eq. (4.27) is only valid in the background. To begin with, we see that at any redshift ẑ, the



































































From the background relation given in Eq. (4.27) and (4.31) we then find that the perturbations to the affine parameter




















Finally, using these relations to substitute for a(λs) (λo − λs), we find that the area distance (4.25) becomes









































Up until here we have corrected the scale factor from the affine parameter λ to ς. Now we need to convert the first
order contributions because they bring additional second order contributions. We introduce that, for a general first
order quantity δ(1)X, converting to ς gives








where δ(1)X(ς) is to be understood as substituting ς in the expression for δ(1)X(λ), i.e. δ(1)X(λ → ς). The factor
∂λδ
(1)X|ς is multiplied by a first order quantity, so the derivative is evaluated in the background. Thus, we can write
dςδ



























































We can now write the angular diameter distance as a function of the redshift, although it is written in terms of
integrals over the comoving distance χ = ςo − ς, which depends on the redshift itself by Eq. (2.11).
Using Eq. (4.36) written in terms of observable quantities such as the observable redshift and comoving distance,
the angular diameter distance will possibly, in principle, be measured with great accuracy by the upcoming surveys,
and should complement to the known luminosity distance measurements quite well.
Combining Eqs. (3.14), (4.20) with (4.36), we have that at linear order the diameter distance as a function of























































The full expression for δ(2)d̂A(ẑs) in terms of the metric potentials is given in Appendix C.
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C. Physical Volume
The area distance the light-ray bundle creates, changes along the line of sight as seen in Fig. 2, and we are interested
in computing the volume that these hypersurfaces enclose, since therein lie the overdensities we are accounting for.
The volume element (2.17) can be rewritten in terms of the quantities we have computed in the previous sections;
the angular diameter distance in Eqs. (4.20) and (C9), and the energy in Eqs. (3.7) and (3.8). It is given up to second
order by,
































The volume element is given in terms of the affine parameter λ, but we need to express our result in terms of the
observed redshift z, and so we need to take the volume in bins of dz instead of dλ. To do so we use the fact that we




























































































modifying Eq. (4.38) into




































































































We now give an expression for the volume element order by order. In the background we have















































































dχ̃ (χ̃− χ) χ̃
{






























































































The equivalent expression in terms of the metric potentials is given in Appendix C. With the above expansion at
hand, we have all the necessary quantities to compute, in the next section, the galaxy number density up to second
order, our main result.
V. GALAXY NUMBER DENSITY
In this section we present our main result, the galaxy number overdensity at second order. As a first element, we
take V (ni, z) as the physical survey volume density per redshift bin per solid angle given by (2.17), where ni is the
direction of observation and z = z(λs). The volume is a perturbed quantity since the solid angle of observation as
well as the redshift bin are distorted between the source and the observer
V (ni, z) = V̄ (z) + δ(1)V (ni, z) +
1
2
δ(2)V (ni, z). (5.1)
In Eqs. (4.43) and (C10) we provide the first and second order perturbations to the volume, respectively. Note that
we use δ(dV )/dV̄ where other authors in the literature use δV/V̄ (see, e.g. Ref [9]).
In a galaxy redshift survey, we measure the number of galaxies in direction ni at redshift z. Let us call this
N(ni, z)dΩndz, where dΩn is the solid angle the survey spans. Then one must average over the angles to obtain their





where the integral is over the solid angle the survey spans.
We can then build the matter density perturbation, density contrast, in redshift space, i.e. the perturbation variable
[9]
δz(n




and expand it up to second order as
δz(n







Our aim in the following is to compute the observed matter density perturbation since the density of sources is














The observed quantity is the perturbation in the number density of galaxies, ∆, and it is defined as








and we thus have
∆(1)g (n















In order to compute the above, let us first relate δz(n
i, z) to the matter density quantity δ(xi, η) and the perturba-











ρ̄(z̄ + δ(1)z + 12δ






































Structure in the universe is formed from dark matter and baryons which at large scales are modelled by a single
pressureless component, which evolves with redshift as
ρ̄(z) ≈ ρ0(1 + z)3. (5.11)




























Combining (4.43) and (5.13) we find that the galaxy number density fluctuation in redshift space as defined in



















































dχ̃ (χ̃− χ) χ̃
[










































where the full expression in terms of the metric potentials is given in Appendix C, Eq. (C11). Finally, combining































































































































































































































































































































































































































































































































































































































































































































































































































































































































































dχ̃ (χ̃− χ) χ̃
{














Which is the main result of this work. In the following section we make a comparison of our result with others in the
literature [13–15].
VI. COMPARISON WITH PREVIOUS WORK
In this section we compare our linear result given in Eq. (5.14) with those in the literature given in Refs. [13, 14, 17]
which also compute second order corrections and in particular with Di Dio, et al. [15]. We do this to verify that our
result is correct, since the number counts are well established to linear order with Refs. [9, 10]. In a companion paper
[37] we perform a comparison of the leading terms of the second order expansion of the galaxy number counts.
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dχ̃ (χ̃− χ) χ̃
[







A. Di Dio, et al.
Rewriting the result from Ref. [15], in Poisson gauge, allowing for anisotropic stress. At first order, Ref. [15] have
∆
(1)























































which rewriting in our notation is
∆
(1)
































































dχ̃ (χ̃− χ) χ̃
[











∆2 (Φ1 + Ψ1)
]
where the first line cancels out from the definition of the comoving density perturbation (δ
(1)
ρ ), and the last integral
cancels out from the definition of the angular operator ∆2, both given in Ref. [15], and we find,
∆(1)g −∆
(1)
Di Dio = 0. (6.6)
B. Bertacca, et al.























































































where we omitted the terms with the evolution bias be. We must rewrite our own result taking Ψ1 = Φ1 in Eq. (5.14)


















































dχ̃ (χ̃− χ) χ̃
[




























where both are derivatives of first order terms with respect to background quantities, and in the background dχ = dς.




from Refs. [13, 14], so
∆(1)g −∆
(1)
Bertacca = 0. (6.11)
C. Yoo & Zaldarriaga
The galaxy overdensity in [17], is given by
δobs(1)g = δ
int(1)






+ δu0 + V‖ − e1δztp − t1δDL, (6.12)
























































− Φ1 + v1ini
]
, (6.13)
where we did not use the evolution bias or the running and slope of the luminosity.

















dχ̃ (χ̃− χ) χ̃
[







where the first line is zero from the definition of δ
int(1)
g , and without loss of generality we take δτo = 0, and the
integrals in the second line cancel from the definition of κ in Ref. [17], so
∆(1)g −∆
(1)
Yoo = 0. (6.15)
VII. CONCLUSIONS & FUTURE WORK
In this paper we have provided a new and independent approach to calculate the galaxy number overdensity. We
present the galaxy number counts in a general form depending on the affine parameter which allows for simple plotting
along the line of sight if the potentials are known, the potentials can be calculated either using the field equations or
N-body simulations. Future surveys will provide us with information on large and small scales and our results will
help to analyse the data and compare theoretical number counts with observed quantities.
We present our main result in Eq. (5.17), the galaxy number counts up to and including second order in cosmological
perturbation theory. We use scalar perturbations in longitudinal gauge allowing for non-zero anisotropic stress. We
assume a flat FLRW background universe filled with a pressureless fluid.
As mentioned earlier, we are not the first group to perform this calculation. We compared our result for the galaxy
number overdensities with others published in the literature, at first order. Since other groups use different notations
and approaches, e.g. conformal time instead of affine parameter, we adapted the results of the other groups to our
notation in order to make a clear comparison possible. We find that we are in agreement at linear order with previous
works. Nevertheless, the approaches taken by other groups lead to differences in the results at second order. Given the
size of the expressions involved and the complexity of rewriting the results of the other groups, we leave for a follow
up paper the comparison of second order results. In Ref. [37], we tackle this issue by performing the full comparison
in an Einstein-de Sitter universe.
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Appendix A: Connection coefficients
The connection coefficients in a FLRW spacetime, in longitudinal gauge, up to second order are





′ − 2Φ1Φ1′, (A1)
Γ00i = Φ1,i +
1
2





























































including only scalar perturbations. To translate the FLRW coefficients into Minkowski spacetime we just set H = 0.
23
Appendix B: Perturbed Ricci Tensor Rµν
The perturbed Ricci tensor components in a FLRW spacetime, in longitudinal gauge, up to second order are





















































































′)2 + 2Φ1Ψ1′′ + 2Ψ1∇2Ψ1 + (Φ1 + Ψ1),iΨ1,i}δij + (3Ψ1 − Φ1),i Ψ1,j
+ (Φ1 −Ψ1),i Φ1,j + 2Φ1Φ1,ij + 2Ψ1Ψ1,ij +
1
2
(Ψ2 − Φ2),ij , (B3)
including only scalar perturbations. To translate the FLRW components into Minkowski spacetime we just set H = 0.
Appendix C: Second order in terms of the metric potentials
1. Geodesic Equation














































































































































































































































































































where we integrate along the line of sight from λo to λs.
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2. Energy



























′)dλ)+ Φ1 − v1ini}Φ1 (C6)
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2δ(1)EΦ1 − Φ12 − 5Ψ12
− 6Φ1Ψ1 + δ(2)ν +
1
2
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′) dλ)+ Φ1 − v1ini}Φ1
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2 − 5Ψ12 − 6Φ1Ψ1 +
1
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4. Angular Diameter Distance
Using Eqs. (3.4), (3.5), (C3), (C4), (C6), (4.18), (B1), (B2), (B3) and (4.24) we find that the second order pertur-
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∇2 (Φ1 + Ψ1) dλ
)(∫ λs
λo
∇2 (Φ1 + Ψ1) dλ
)
− 2 (Φ1 + Ψ1),i (Φ1 + Ψ1),
i
























































































































































































































∇2 (Φ1 + Ψ1) dλ
)(∫ λs
λo
∇2 (Φ1 + Ψ1) dλ
)
− 2 (Φ1 + Ψ1),i (Φ1 + Ψ1),
i



















The second order perturbation to the physical volume is























= a2 (λs) (λs − λo)2
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′′ −∇2 (Φ1 + Ψ1)
}])2
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2 − 5Ψ12 − 6Φ1Ψ1 +
1
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∇2 (Φ1 + Ψ1) dλ
)(∫ λs
λo
∇2 (Φ1 + Ψ1) dλ
)
− 2 (Φ1 + Ψ1),i (Φ1 + Ψ1),
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∇2 (Φ1 + Ψ1) dλ
)(∫ λs
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∇2 (Φ1 + Ψ1) dλ
)
− 2 (Φ1 + Ψ1),i (Φ1 + Ψ1),
i































′) dλ)+ Φ1 − v1ini}Φ1




− 4 (Φ1 + Ψ1) Φ1
∣∣∣s
o




































































































































































































′) dλ)+ Φ1 − v1ini}Φ1




− 4 (Φ1 + Ψ1) Φ1
∣∣∣s
o




































































































2 − 5Ψ12 − 6Φ1Ψ1 +
1
2









































[1] The BOSS Collaboration, The Astronomical Journal 145, 10 (2013), 1208.0022.
35
[2] G.-B. Zhao et al., Mon. Not. Roy. Astron. Soc. 457, 2377 (2016), 1510.08216.
[3] R. Scaramella et al. (Euclid), IAU Symp. 306, 375 (2015), 1501.04908.
[4] M. G. Santos, M. Cluver, M. Hilton, M. Jarvis, G. I. G. Jozsa, L. Leeuw, O. Smirnov, R. Taylor, F. Abdalla, J. Afonso,
et al., Meerklass: Meerkat large area synoptic survey (2017), 1709.06099.
[5] R. Maartens, F. B. Abdalla, M. Jarvis, and M. G. Santos, Cosmology with the ska – overview (2015), 1501.04076.
[6] L. S. Collaboration, P. A. Abell, J. Allison, S. F. Anderson, J. R. Andrew, J. R. P. Angel, L. Armus, D. Arnett, S. J.
Asztalos, T. S. Axelrod, et al., Lsst science book, version 2.0 (2009), 0912.0201.
[7] J. Green et al., ArXiv e-prints (2012), 1208.4012.
[8] D. Jeong, F. Schmidt, and C. M. Hirata, Phys. Rev. D 85, 023504 (2012), URL https://journals.aps.org/prd/abstract/
10.1103/PhysRevD.85.023504.
[9] C. Bonvin and R. Durrer, Phys. Rev. D 84, 063505 (2011), URL https://journals.aps.org/prd/abstract/10.1103/
PhysRevD.84.063505.
[10] A. Challinor and A. Lewis, Phys. Rev. D 84, 043516 (2011), URL https://journals.aps.org/prd/abstract/10.1103/
PhysRevD.84.043516.
[11] S. Chen and D. J. Schwarz, Phys. Rev. D91, 043507 (2015), 1407.4682.
[12] J. Yoo, A. L. Fitzpatrick, and M. Zaldarriaga, Phys. Rev. D 80, 083514 (2009), 0907.0707.
[13] D. Bertacca, R. Maartens, and C. Clarkson, Journal of Cosmology and Astroparticle Physics 2014, 037 (2014), URL
http://stacks.iop.org/1475-7516/2014/i=09/a=037.
[14] D. Bertacca, R. Maartens, and C. Clarkson, Journal of Cosmology and Astroparticle Physics 2014, 013 (2014), URL
http://stacks.iop.org/1475-7516/2014/i=11/a=013.
[15] E. Di Dio, R. Durrer, G. Marozzi, and F. Montanari, JCAP 1412, 017 (2014), [Erratum: JCAP1506,no.06,E01(2015)],
1407.0376.
[16] J. Yoo, Phys. Rev. D 82, 083508 (2010), URL http://link.aps.org/doi/10.1103/PhysRevD.82.083508.
[17] J. Yoo and M. Zaldarriaga, Phys. Rev. D90, 023513 (2014), 1406.4140.
[18] J. Yoo and F. Scaccabarozzi, JCAP 1609, 046 (2016), 1606.08453.
[19] I. Ben-Dayan, G. Marozzi, F. Nugier, and G. Veneziano, JCAP 1211, 045 (2012), 1209.4326.
[20] G. Fanizza, M. Gasperini, G. Marozzi, and G. Veneziano, JCAP 1311, 019 (2013), 1308.4935.
[21] G. Marozzi, Class. Quant. Grav. 32, 045004 (2015), [erratum: Class. Quant. Grav.32,179501(2015)], 1406.1135.
[22] J. T. Nielsen and R. Durrer, JCAP 1703, 010 (2017), 1606.02113.
[23] G. Fanizza, J. Yoo, and S. G. Biern (2018), 1805.05959.
[24] J. Yoo, Class. Quant. Grav. 31, 234001 (2014), 1409.3223.
[25] G. Ellis, R. Maartens, and M. MacCallum, Relativistic Cosmology, Relativistic Cosmology (Cambridge University Press,
2012), ISBN 9780521381154, URL https://books.google.co.uk/books?id=FPRFi3L0h9kC.
[26] K. A. Malik and D. Wands, Physics Reports 475, 1 (2009), ISSN 0370-1573, URL http://www.sciencedirect.com/
science/article/pii/S0370157309000635.
[27] O. Umeh, C. Clarkson, and R. Maartens, Classical and Quantum Gravity 31, 205001 (2014), URL http://stacks.iop.
org/0264-9381/31/i=20/a=205001.
[28] R. Durrer, The Cosmic Microwave Background (Cambridge University Press, 2008), ISBN 9780521847049, URL https:
//books.google.co.uk/books?id=WZkN1QDOD1sC.
[29] R. K. Sachs, Proc. Roy. Soc. Lond. A264, 309 (1961).
[30] C. Clarkson, G. F. R. Ellis, A. Faltenbacher, R. Maartens, O. Umeh, and J.-P. Uzan, Mon. Not. Roy. Astron. Soc. 426,
1121 (2012), 1109.2484.
[31] J. Kristian and R. K. Sachs, The Astrophysical Journal 143, 379 (1966).
[32] M. Ibison, J. Math. Phys. 48, 122501 (2007), 0704.2788.
[33] S. Aretakis, Lecture notes on general relativity. Columbia University. (2013), https://web.math.princeton.edu/
~aretakis/columbiaGR.pdf, URL https://web.math.princeton.edu/~aretakis/columbiaGR.pdf.
[34] O. Umeh, C. Clarkson, and R. Maartens, Classical and Quantum Gravity 31, 202001 (2014), URL http://stacks.iop.
org/0264-9381/31/i=20/a=202001.
[35] C. Clarkson, G. F. R. Ellis, A. Faltenbacher, R. Maartens, O. Umeh, and J.-P. Uzan, Mon. Not. Roy. Astron. Soc. 426,
1121 (2012), 1109.2484.
[36] A. Campos, Proc. Int. Sch. Phys. Fermi 132, 123 (1996), astro-ph/9510051.
[37] J. L. Fuentes, J. C. Hidalgo, and K. A. Malik, In preparation (2019).
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